Abstract. It is shown that there exists a weak solution to a degenerate and singular elliptic-parabolic partial integro-differential system of equations. These equations model two-phase incompressible flow of immiscible fluids in either an ordinary porous medium or in a naturally fractured porous medium. The full model is of dual-porosity type, though the single porosity case is covered by setting the matrixto-fracture flow terms to zero. This matrix-to-fracture flow is modeled simply in terms of fracture quantities; that is, no distinct matrix equations arise. The equations are considered in a global pressure formulation that is justified by appealing to a physical relation between the degeneracy of the wetting fluid's mobility and the singularity of the capillary pressure function. In this formulation, the elliptic and parabolic parts of the system are separated; hence, it is natural to consider various boundary conditions, including mixed nonhomogeneous, saturation dependent ones of the first three types. A weak solution is obtained as a limit of solutions to discrete time problems. The proof makes no use of the corresponding regularized system. The hypotheses required for various earlier results on single-porosity systems are weakened so that only physically relevant assumptions are made. In particular, the results cover the cases of a singular capillary pressure function, a pure Neumann boundary condition, and an arbitrary initial condition.
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INTRODUCTION
The existence of weak solutions to the equations describing the flow of two incompressible, immiscible fluids in an unfractured, single porosity porous medium I = (0, T], T > 0, denote the reservoir domain and the time interval of interest, respectively, and set flr = [l x I. The usual unknowns are the wetting fluid "w" (water) phase saturation Sw = s(x, t) (rescaled to lie between zero and one so that the irreducible, or residual, saturations can henceforth be construed to be zero), the w-phase pressure Pw(x, t), and the nonwetting "o" (oil) phase pressure p 0 (x, t). In terms of these variables, we have the following three equations: where <f>(x) and k(x) are the porosity and tensor of absolute permeability of the system of fractures, and for the phase 0 = w or o, ,e(x) is the gravity-density vector term, Ae( x, s) is the phase mobility (i.e., the relative permeability divided by the phase viscosity), fe(x,t,s) is the distributed external volumetric 0-source term, Pc(x,s) is the empirically given capillary pressure function, and -F (x,t,s) is the macroscopically distributed matrix w-source operator, defined below (by incompressibility, F( s) is the matrix a-source operator). Note that mathematically speaking, (1.3) defines s(x,t) = S(x,p 0 -Pw) as a function of x and Po -Pw· For the relevant physics, see, e.g., [8] , [11] , [13] , [25] , and [26] as general porous media references, and [7] , [14] , and [28] as dual-porosity references.
We consider a general integro-differential form for the matrix source operator.
Let w(x, t) be a nonnegative function that decays in time for each fixed x E fl. For
J( x) ~ 0 and 8( t) the Dirac delta generalized function, define

F(x,t,s) = it 8ta(x,s(x,t -r))[J(x)t5(r) +w(x,r)]dr = J(x) Ota(x, s(x, t)) + 1t Ota(x, s(x, t -r ))w(x, r) dr,
(1 
(1.4a) and we have the "limit model" of [14] , [15] , and [17] . If we take instead J = 0 and
and we have the model of [5] . If also a is a multiple of the identity, we have the model of [12] and [27] . In the case of (1.4b ), note that F( s) is not a differential operator since we can integrate by parts. In the general case, w may be singular at t = 0.
The most commonly encountered boundary conditions for underground reservoir problems are of Dirichlet, Neumann, and "third" type [8] ; more generally, the latter two are in a saturation dependent form. We will consider these as well as the special "well" type boundary condition [11] . Decompose an into three disjoint regions I'i, i = 1 2 3 let I' 3 = u. r 3 ,j where each r 3 ,j is connected and set r.i (,j) 
We impose for 0 = w ,o, 2 through a pervious boundary if au = 0, through a semipervious boundary if a9 > 0, and as a special but very important case through an impervious boundary if a9 = 0 and g9 = 0. The fl.ow rate is generally assumed to be in the form of WOR, given water/oil production ratio, in which the fl.ow rate of each phase is jointly proportional to its mobility and the total fl.ow rate. Each r 3 ,i represents the surface of a well through which the total fl.ow rate is controlled, and on which a pressure distribution (but not its absolute scale) for each phase is maintained due to gravity and other factors.
The system is completed with a single initial condition for some s 0 (x):
(1.8)
These equations are complicated primarily by three factors. First, the phase mobilities are degenerate; that is, at the irreducible w and o saturations ( where our saturation is 0 and 1, respectively), Aw(0) = 0 and >. 0 (1) = 0 (see Figure 1 for typical graphs of these functions). At these saturations one of the two phases ceases to fl.ow. Second, Pc is a singular function of saturation: Pc(O) = +oo is the usual case ( see Figure 2) hence, there is no Pc-singularity to contend with. In fact, to obtain a genuine weak solution, they require also that the saturation be bounded below one, thereby removing all degeneracy. Their results are based on a theorem of Alt and Luckhaus [2] giving the existence of weak solutions to general elliptic-parabolic systems. They extract their solution as a limit of solutions to certain regularized problems.
Antoncev and Monahov have shown many results concerning the single porosity equations and the corresponding nondegenerate regularized equations; a summary of their results appears in [4] . They use the mathematical concept of "global pressure" (see (2.1) = 0 ( though they admit "overflow" boundary conditions as well). However, like the above authors, not all of their hypotheses reflect physically relevant constraints. First, they require of the initial condition that
which restricts the blow-up of Pc as s -o+ if s 0 is much near zero, the usual case for an oil-rich reservoir. Second, they require the not physically motivated condition that the p~ E L 00 ( ilr). (For example, if the reservoir were in contact with a lake, p~ = -oo on I'
1 .) Third, they require that Vp~ E L 2 (ilr ), even though they prove that the solution formally satisfies the weaker result-.jXMVpe E L 2 (ilr ). Alt and di Benedetto obtain some very important regularity results by making use of the global pressure formulation of the problem. However, their existence results use the techniques of [2] applied to regularized problems, so they do not treat the boundary conditions by considering separately the elliptic and parabolic parts of the differential system. As a consequence, they were unable to handle the important pure Neumann problem because it has an ambiguity in the pressure scale.
As far as the dual-porosity system is concerned, previous to this work, only the 'limit model" (F(s) defined by (1.4a)) has been analyzed. Under the assumptions of nondegenerate mobilities, nonsingular capillary pressures, and constant porosities, existence, uniqueness, and regularity results have been shown [17] . We will show the existence of a weak solution to the full system in a global pressure formulation. Our formulation will use as variables the global pressure p and, rather than the saturations, a "complementary pressure" q (see (2.2) below). This transformation is achieved by noting a physical relation between the mobility of the wetting phase and the capillary pressure function, namely, that the quantity AwOPc/ 8s is integrable in s. This formulation is a natural setting for considering the boundary conditions (1.5)-(1.7). (It should also be a convenient setting for considering other specialized boundary conditions.) We will be able to weaken various assumptions made by the previously mentioned authors who obtained a portion of the results derived in this paper. We require the same amount of smoothness for the Dirichlet data as we show for the solution, and all of our assumptions are physically reasonable. The techniques we use are similar to those used by Alt, di Benedetto, and Luckhaus [1] , [2] . One advantage of our formulation is that the system formally appears to be nondegenerate (see (2.5)-(2.7) below). As a consequence, we need not extract our solution as the limit of solutions to regularized or penalized problems;
we obtain it more directly.
THE GLOBAL PRESSURE FORMULATION
Let us begin this section by stating the following assumptions, some of which are more general than is needed for the physical problem. ( 
We remark that (A5c*) is physically reasonable by Leverett's semi-empirical equation
Pc(x,s) = K(x)J(s)
( see [8] , [23] , [26] ) and by Burdine's theoretical relationship between relative permeability and capillary pressure: [8] , [9] , [26] 
Then with (1.3),
In terms of these variables, we obtain for the sum of (1.1) and (1.2), (1.1), and (1.3),
where (2.10) and, with *( /1 (,\w,\o OPc) q x) = -lo ~ os (x,<;)d<;, (2.11) S(x,q) = S(x,p 0 -Pw) is the inverse of (2.2) for 0::::; q::::; q*(x). The boundary conditions become (if r,i(,j) = ri(,j) I' 2 = I' 2 and I' 1 for any given norm.
We now state the rest of our assumptions, again more generally than is necessary for the physical problem. We begin by recasting (A5a-c*). We should comment on (A 7). First, (A 7i) reflects (2.8)-(2.9). Second, (A 7iii) merely says that a semipermeable boundary is impermeable to the 8-phase if this phase is absent. Finally, (A7ii, iv) reflect WOR-type conditions where external volumetric sources of injection ( either from within [l or on 8[!) are unconstrained but sinks of production are proportional to phase mobility.
Note that formally we can write 
Here and throughout, slan should be interpreted as S(qlan).
In the next section we prove: 
tn (( *h w)(x,t) = Jo ((x,tn -r)w(x,r)dr
The heart of our existence proof is contained in Lemmas 1-4 below. Throughout, c and C will denote generic positive constants, c small and C large, that are independent of h unless such dependence is explicitly indicated. This is purely an elliptic result; to maintain the continuity of our argument, we furnish its proof in the next section. 
LL (b(ak) -b(ak-1))wn-k an~ -b(ao) Lan Wn-I· n=lk=I n=I
PROOF: For part (a), note that by monotonicity, B(a) 2: 0 for any a E IR and hence, the sum on n collapses to give the result. We turn to part (b ). By induction on N for the first equality, 
Then, with Lemma 2, the fact that the measure of R is kh, and (4.10), we obtain upon integrating in r
Now by induction on k, we can verify easily that 2)-(3.3) . We can now obtain convergence of ( 4.3)- 
-fT f a-h[(a(sh)-a(s 0 ))*hw](·,t)(qh(-,r)-qh(·,r-kh))dtdr
11 . 
where we have used the fact that 
lr-h
This converges to give (3.6) , and the proof of Theorem 1 is complete. 
for q*(x) < q. 'f/a + ~ a -a Wn-k, k=l and its backward difference is equal to
Lemma 1 is a corollary of the following theorem. 
for all e EV, n-1 ) 
• By assumption, <Pm is continuous. We obtain easily for any fixed c > 0, To establish the maximum principle, first take ( = q-= min(q, 0) E Win (5.4) to obtain that h- 
When q ~ q*, a-( s) = 1, so the second term on the far left side above is
Since s = q -q* + l when q ~ q*, the first term on the far left side of (5 .6) 
